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AbIIrMt-A new thennod)'llllllics of open thermochemical systems and a variational principle of virtual
dissipation are applied to the fiJIite deformation of a solid coupled to tbermomoIecuiar difusion and
chemical reactions. A vlriatiODal derivation is obtained of the field differeDtial equations as weD as
LaaraaIlian equations with ,eneraIized coordiDates. New formulas for the aftiDity and a DeW defiDition of
the chemical pofeIlIiaI are presented. AD oudiDe is liven of an unusually Jarae field of apptications. such as
active traDIpOrt in bioJolical systems. finite elemeDl metllocls. plutic properties as IIIaIoIous to chemical
reactions. phase cbaDaes and recrystaIization. porous solids. heredity and initially stressed solids. A DeW
and unified insiJht is thus provided in bichJy diversified problems.

I. INTRODUCTION

The variational Laanmsian thermodynamics formulated initially in 1954-55[1,2] was extended
more recently to nonlinear thermorheology[3]. At the same time a new approach to the
thermochemistry of open systems was developed [4-6] which provides a new foundation of
classical thermodynamics and avoids the traditional difficulties and ambiguities of Gibbs'
classical treatment[7].

This paper is an application of this new thermodynamics to the problem of finite deformation
of a solid, with substances in solution, subject to chemical reactions and thermomolecular
diffusion. Two special cases of this problem have been developed earlier. One of these excludes
chemical reactions and is presented in the context of the similar problem fer porous solids [8].
The other includes chemical reactions but assumes small perturbations of a solid in the vicinity
of a state of. equilibrium with initial stress [9].

The basic concepts of the new thermodynamics of open systems such as the thermobaric
potential are briefly recalled in Section 2. Their application to chemical reactions and a new
expression for the affinity are developed in Section 3along the lines developed earlier[4-6]. This is
applied in Section 4 to an open solid undergoing homogeneous deformations while coupled
chemical reactions are occurring internally. The analogy with nonlinear thermoviscoelasticity is
pointed out.

The basic variational principle of virtual dissipation is formulated in Section 5 in the context
of a deformable solid continuum with thermomolecular diffusion and chemical reactions. The
differential field equations which govern the evolution of the continuum are derived variation­
ally in Section 6.

The foregoing results are based entirely on classical thermodynamics. As shown in Section
7, two additional axioms, one of which involves Nemst's third principle, lead to a new definition
of the chemical potential which bypasses the need of introducing the principles of quantum
statistics. A complementary form of the field equations are then derived in Section 8.

Application of the principle of virtual dissipation in Section 9 to a system described by
generalized coordinates as unknowns, leads directly to Lagrangian equations for those un­
knowns without recourse to the field equations. In. Section 10 it is pointed out how the
I..qranaian approach is particularly suited to the analysis of biolosical systems as already
illustrated for the treatment of active transport in biological membranes [6]. Section 11 recalls
that Lagrangian methods provide the foundation of a large variety of finite element methods.
The analogy between plasticity and chemical reactions from the standpoint of internal coor­
dinates is brought to light in Section 12. How the problems of creep and recrystaUzation under
stress coupled to phase changes may be treated by the present methods is briefly discussed in
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Section 13. Earlier treatments of porous solids. the thermodynamics of heredity and the solid
under initial stress are recalled in Sections 14-16. The case of a solid under initial stress is not
treated as a bifurcat;jon and thereby is more general since it is not necessary to assume the
existence of an unstressed state.

2. NEW THERMODYNAMICS OF AN OPEN CELL

A new approach to the thermodynamics of open systems has been introduced and discussed
extensively in some earlier publications [4-6]. The development has been accomplished entirely
within the framework of classical procedures and without recourse to the principles of
statistical mechanics. The results are directly applicable to a deformable solid with pure
substances in solution as already described in the similar case of a porous solid saturated by
viscous ftuids [8J. We shall briefty rederive here the essential concepts by using a slightly
ditTerent and more direct approach.

We start by considering a cell C, called a primary cell. which is first assumed rigid,
containinl a mixture of substances k at the temperature T. To this cell we adjoin IIU'JC rigid
reservoirs C,. called supply cells, each containins a pure substance k at the pressure and
temperature PoTo the same for all supply cells. It was shown that this condition of uniform
values Po and To. for CSIe is required in order to avoid Gibbs' paradox[4, 5]. We also adjoin to
this system a large isothermal rigid reservoir at the temperature To called a thermal weD, TW.
The total system C, +I k

Csk +TW is called a hypersystem while the subsystem C, +I k
C Sk

will be referred to as a collective system.
We have considered reversible transformations of this hypersystem whereby masses and

heat are transferred within the system by performing extemal work on the system. This implies
the use of reversible heat pumps. The supply cells C,. and the thermal well are assumed large
enousti so that Po and To remain constant in the process.

The increase of internal enersy J of the hypersystem from a given initial state defines what
we have called the collective potential of the primary cell Cpo The justification for this definition
is derived from the fact that J is determined completely by the state variables of C,. This can
be seen as follows.

We shall first consider the case where the primary cell is rigid and contains a mixture of non
reacting pure substances k at the temperature T. The cell C, may be a solid in which the
various substances are in solution. The case of reactina substances is considered in the next
section.

The mass mle of each substance in Cp is written

(2.1)

where mOle is the initial mass and M k is the mass of each of the substances acquired by the open
cell during a transformation. The state variables of Cp are the masses M k

, and the temperature
T. Since the masses M le are assumed to be provided entirely by the supply ceDs Csk. the same
variables Mk are also the state variables of the supply cells. Therefore·the state of the cOllective

Ie
system C, +I Csk is determined completely by the variables Mk and T. As a consequence the

k

increase of collective energy etL and of collective entropy fI of the system C, + I Csk may be
expressed as functions of M Ir and T. We write

etL =etL(Mk,T)

fI =fI(MIr
, T). (2.2)

We have defined the eollective potential J as the increase of energy of the bypersystem
k

C" +I CIk +1W in the reversible transformation. Its value is

(2.3)

where Hois the heat enefIY acquired by the thermal well. Since the transformation is reversible
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there is no entropy change of the hypersystem, C, + I Cn + TW, hence

fI = Ho (2.4)
To

and

J=au-Tofl. (2.5)

Since au and fI are functions of the state variables Mic and T of the primary cell the collective
potential J is also determined by the same variables.

(2.6)

Because of these properties we may drop the tenn collective and refer to au. fI andJ respectively
as the cell energy, the cell entropy and the cell potential, keeping in mind of course that they are
defined here in a new way as coUective concepts.

The thermodynamic function (2.5) was introduced as a fundamental potential by the author
[1,2] in a more restricted context and applied by Mindlin to piezoelectric crystals[lO].

AccordinJ to eqn (2.1)

(2.7)

Hence we may write

(2.8)

as functions of tbe temperature and tbe total masses mlc of the substances k in solution in the
cell.

In order to evaluate tbe changes of the thermodynamic functions au, fI, J associated with a
change of state of the open cell C, we have introduced the new key concept of t~mwbaric

transfer[4-6] described as follows. Consider a pure substance k in equilibrium witb the primary
cell Cp through a semipermeable membrane. In this equilibrium state the substance k is at a
pressure Pic and at the same temperature T as C. The pressure Pic of the substance under these
conditions is calJed the panial pressure of the substance in the mixture. The process of
thermobaric transfer of a mass <1M" from the supply cell e". to the primary cell Cp is a
reversible process by which the mass is first extracted from the supply cell, compressed and
heated to the partial pressure PIc and temperature T and then injected reversibly and adiabatic­
ally through the semi-permeable membrane. The heating along this path is accomplished by a
reversible pump operating between TW and dM" and injecting a differential amount of heat
into dM" at each step. The process is descn"bed in more detail in Refs. [4, 5].

Ie
The increase of collective energy and entropy of the system Cp +I Cslc in this process of

thermobaric transfer are written

where

dttl =i" dM"

dfl=i" dMlc (2.9)

(2.10)

The differential dile is the increment of entropy per unit mass of substance k at each step of
the thermobaric transfer. Similarly

di" =~+Tdi" =d(~)-Plcd( I,' + T'dilcPie Pie pi! (2.11)
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is the increment of enthalpy per unit mass of each substance at each step, at the variable
pressure pic variable density pic and variable temperature T' along the path of integration.

The variables ik .and Sk are independent of the path of integration and have been called
respectively the relative specific enthalpy and entropy of the substance in Cpo In contrast with
traditional procedures these definitions do not involve any undetermined constants.

The change in cell potential corresponding to the thermobaric transfer is according to (2.5)

Substitution of the values (2.9) yields

where

dJ = d'YL - To dB'. (2.12)

(2.13)

(2.14)

has been called the tltermolHJric potentit.U.
From the definition of J we note that t/It represents the external work required for the

thennobaric transfer of a unit mass of the particular substance. This may be verified by
introducing the values (2.10) of it and ik and putting 8' =T' - To. We obtain

"'" =fPlT (~+ 9' dik).
PoTo Pk

(2.15)

The first term represents the work of the pressure on the unit mass includina the neptive work
of extraction from the supply ceO and the positive work of injection into Cpo The second term
8 dik is the work of the heat pump at eacb step alolll the path. Hence "'" is effectively the
external reversible work required in the thennobaric transfer.

If several masses are injected we write

(2.16)

we have assumed that DO addiUonal heat is added to Cp durina the reversible injection of the
mass dMk

• Consider now that by using a heat pump operatiDa between Cp and T'W we inject
revenibly into Cp an amount of heat T dsr at the same time as the masses fJMk. We obtain

k

d'YL =~ it dMk +T dST

k

d9' =I Sk dMk +dsT•

Substitution in expression (2.12) yields the increase of cell potential.

where

9 = T-To.

(2.17)

(2.18)

(2.19)

(2.20)

Again here we recopize the work 8 dsr accomplished by the heat pump to inject the beat
T dsr into Cp operating between the temperatures To and T.

The variable dsr is not a state variable. Elimination of dST between eqn (2.19) and eqn (2.18)
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yields

where

k

dJ =L ~k dMk + 9 d9' (2.21)

(2.22)

was introduced earlier as the convective potential.
We may obtain the value of J by integrating (2.19) along any convenient path. For example

we first integrate at constant temperature T = To then closing the cell (dM k = 0) we raise the
temperature to T. This yields .

(2.23)

The same path of integration may be used to integrate eqn (2.18) for d9'. We derive

(2.24)

We note that along the path of integration the partial pressures Pk which appear in the
differential coefficients are assumed to be known as functions of M k and T. By eliminating T
between eqns (2.23) and (2.24) we derive

(2.25)

3. NEW CHEMICAL THERMODYNAMICS OF AN OPEN CELL

The new concepts and results for open systems also lead to a new chemical thermodynamics [4,
5] which we shall briefly outline.

These fundamental results are obtained without the use of statistical mechanics. We
consider apin a rigid and open primary cell Cp with its adjoined supply ceDs CIk and its thermal
well TW. A chemical reaction may now take place between the various substance mixed in Cpo
This chemical reaction is represented by the equation

(3.1)

where ~ is the reaction coordinate, and dmk are the masses of the various substances
"produced" by the reaction. The term "produced" is understood in a generalized sense so that
negative values represent substances disappearing in the reaction. Conservation of mass implies
the relation

hence
k

L Ilk =0.

(3.2)

(3.3)

Since a chemical reaction is generally irreversible and associated with an entropy production, in
order to evaluate the collective potential by the procedures outlined above, we must constr.uct a
system such that the change of state resulting from the chemical reaction may be obtained by
an equivalent reversible process.

Such a process may be described as follows. Consider the reaction to occur in a riP1 closed
adiabatic cell. The reaction d~ produces a change of composition and temperature of the cell
from state (1) to state (2). In order to accomplish the same change of state reversibly we first
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bring the cell to an intermediate state (1) where the reaction is in equilibrium. This is obtained
by using thermobaric transfers and heat pumps. while freezing the reaction. At equilibrium we
allow the reaction d~ to occur thus reaching the state (2'). We then bring the cell to the final
state (2) again using thermobaric transfers and heat pumps.

It is important to note that during this reversible process the state of the supply cells is the
same in the initial and final state since the masses extracted during one part of the process are
restituted during the other. Hence the change in the collective system is the same as due to a
reaction in the primary cell alone.

The work accomplished on the hypersystem during this process is the increase die" of cell
potential. We may write

(3.4)

where d'tlell is the increase of internal energy and d9'e" the increase of entropy as defined above
in terms of coUective concepts. However when the change occurs in the adiabatic closed cell as
a chemical reaction, d'tl~" == O. Hence

die" =- To d9'e"

where d9'ell may be interpreted as the entropy "produced" by the reaction.
FoUowina De Donder[ll] the a1Bnity A is defined by the relation

A
d9'ell =Tdf.

Hence

(3.5)

(3.6)

(3.7)

In the case of chemical equilibrium d.S'cil = A == O.
On the other hand for an open ceO without chemical reaction we denote by dj' and d9" the

values (2.18) and (2.19) found previously. We write

k

dj' =I I/tt dMk + (} dST

k

d9" =I Ik dMk +dsT•

When adding a chemical reaction we find

dJ =dj'+djell = ~ Ad~+±"'" dM
k

+fJdsT

Elimination of dST between these two equations yields

k

dJ =- A df +I ~k dMk + (} d9'.

(3.8)

(3.9)

(3.10)

(3.11)

Note that the internal eneray does not depend on d~ since for a cloled adiabatic ceO no encqy is
provided to the ceO (dM" == dST == 0). Hence eqn (2.17) remains valid, i.e.

d'tl =±ik dMk + T dsT•
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Based on these collective concepts and eqns (3.9) we have derived new expression for the
heat of reaction and the aftinity[4-6). We shall briefly outline this derivation.

We consider a hypersystem constituted by two rigid cells C, Ceq and a thermal welJ TW. The
cell C, is the primary cell and Ceq is a cell of composition and temperature such that the
chemical reaction considered is in equilibrium. We assume a reaction d~ to occur in C, while
the reverse reaction - d~ occurs in Ceq- As the reaction proceeds we remove the products
dmk =Vk dt from C, and inject them by thermobaric transfer into Ceq.- Using a heat pump we
inject into C, the amount of heat ii,T~ required to maintain its temperature constant. The
temperature of Ceq is also maintained constant by injecting the amount of heat - ii;t~. The
composition and temperature hence also the pressure of the cells C, and Ctq do not vary.

The supply cells remain unchanged since they are not involved in the process just described.
If we denote by dttl and dttl"'" the change of energy of C, and Ceq respectively, we may write

(3.12)

since this· is a consequence of the fact that no change occurs in the colJective system
_ k

C, + C"", +I CM' Applying eqn (3.11) with dMk =- JIt: dt we obtain

k

dC¥l.-q =~ vtcif' dt - ii;t dt (3.13)

where if' is the relative specific enthalpy of each substance in Ctq. We substitute these values
in eqn (3.12) taking into account the relation

(3.14)

where Pk.-q and T.-q are the partial pressures and temperature in Ctq. We derive

(3.15)

In this expression, obtained earlier[4, 5], h,T is a new concept called intrinsic /teat of reaction. It
is obtained by removing the products as the reaction proceeds at constant temperature. It is
more representative of the chemical energy than the traditional concept which includes the heat
of mixing as defined earlier [4, 5). We may write (3;15) in difterential form as

(3.16)

which generalizes completely and rigorously Kirchhoff's classical result for the heat of
reaetion[12]. k

Consider now the entropy change of the collective system Cp + Ceq +I C.k. The changes due
to Cj, and Ceq are respectively d.9' and d9'tq. Since the collective system does not change we
write

Apply the second of eqns (3.9), we write

d.9' =A dt - ±JlkSk dt +&r. d~T T

d.9'tq =±ViSt' ~ - ~~.

(3.17)

(3.18)
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In the second equation, A = 0, since the reaction is in equilibrium. The relative specific entropy
in Ceq is denoted by szq. We may write the relation

(3.19)

Taking into account this relation after substituting the values (3.18) into eqn (3.17) we derive

This is the new expression for the affinity already obtained in earlier work[4, 5]
Elimination of hpT between eqns (3.15) and (3.20) yields

~ -.,(T)A=-"",,~Ic+h,T --I
T.q

where

(3.20)

(3.21)

(3.22)

The value (3.21) of the daity is a rigorous consequence of classical thermodynamics. We shall
see below (Section 1) by the use of additional axioms how another expression may be derived
in more familiar form.

When several reactions occur in the primary cell CII the mass dmt of a particular substance
produced by the reactions is

(3.23)

where ~ are the coordinates of the various reactions. Adding the effects of each reaction in
eqns (3.9) we obtain

dJ • - ~I A,. d~ +±t/It dM
t + 8 dST

(3.24)

where A,. is the affinity for each reaction.
Elimination of dST between these two equations yields

(3.25)

In these expressions the state variables are ~,., M k and fl. The masses M t added by convection
I'

are considered as distinct and independent from those dmt =I J't" dt,. produced by the
reactions and which depend only on the chemical coordinates ~

4. THERMOMECHANICS AND CHEMICAL KINETICS OF AN OPEN DEFORMABLE CELL

In the foregoing analysis we have assumed the primary cell to be rigid. We shall now
consider the cell to be deformabl~. In the initial state let it be a cube of unit size oriented along
the coordinate axes Xi. It may be an open cell containing masses mt of pure substances in
solution at uniform temperature T. 1be state variables of this cell may be chosen to be the
reaction coordinates ~ the masses MJ: added by convection, the entropy fI and six strain
components Eij' In this section we consider the strain to be homogeneous.
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There are various ways of measuring the finite strain which have been the object of
numerous discussions and applications by the author. We shall briefty recall the essential
concepts.

The homogeneous deformation and solid rotation of the unit cube are represented by the
affine transformation

(4.1)

wbere XI and Xi are the coordinates of material points before and after deformation.
Strain components may be defined in various ways. Green's tensor is

(4.2)

We may also use a definition introduced in 1939 by the author whicb avoids many of the
difficulties attached to Green's tensor in applications and was developed extensively in a
monograpb[l3]. In this definition we first perform an affinine transformation

(4.3)

putting e/l = eli followed by a solid rotation sucb that the total transformation is equivalent to
(4.1). Tbe six independent values of eli define the strain. They are functions of (Jljo To the second
order we derive .

(4.4)

with

(4.5)

Other similar definitions of Iii may be used which are non tensorial. For example in two
dimensions we may write

(4.6)

and use ell -22 E12 as measure of the finite strain. To the second order their values were shown to
be[J4]

(4.7)

When usin, thepneral notation flj for this case, wepIIt E21 =O. Alarge numberof variations of this
type of definition are possible in two and three dimensions as indicated[14]. The components thus
defined are nontenlOriaI but in many problems this is an advantage u illustrated by the derived
nontensorial concept of slide modulus[13, 14]. The deeper ..,.son for this usefulness is due to the
fact that the local representation of stress and strain may be tailored to the pbysical anisotropy
whether inttinsic or induced by the presence of initial stresses.
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The notation Elj for the strain used hereafter includes any of the various definitions of strain
described above. The corresponding stress components is defined by virtual work. so that

(4.8)

represents the virtual work associated with the virtual deformation 8E/jo We omit the summation
sign althoUJb Ell is not necessarily a tensor, with the understanding that the summation is
extended to aU six independent variables Eli'

According to the definition of J its differential in tbe case of a deformable cell is obtained
by simply adding the external work TIj dEIj performed by the stresses Tij under the conditions
df =dM" := dSr =O. By adding this term to the values (3.25) of dJ we obtain

(4.9)

The value of d9' remains the same as (3.24)

Elimination of dST between (4.19) and (4.10) yields

dJ "'" Tlj dElj - t All df" +±41" dM" + (J d9'.

(4.10)

(4.11)

We note that according to tqns (2.10), (2.15), (2.22) and (3.21) the quantities i", i", f/It, 41" and All
are functions of the partial pressures PIc and the temperature T. In turn PIc is a function of T. Eli
and the masses m" of eacb substance in solution. This mass is given by

(4.12)

wbere mOle is the initial value of m". Hence i", i", f/It, tI>t and All may be expressed as functions
of Eij, T, M" and t..

The values of J and fI may be conveniently obtained by integratina (4.9) and (4.10) first at
constant temperature To then beating the cell to the temperature T maintaining constant the
values E/;. f" and M". We obtain

J "'" J(Eq. '" M", T)

9':= 9'(E/j, f", M". T).

Elimination of T between these two relations yields

J =J(E/;. '" M". 9')

where J is now a known function of E/j. f." M" and 9'.
From the differential (4.11) we derive

and a fourth one which plays a special role

(4.13)

(4.14)

(4.15)

(4.16)
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We denote by Q; the quantities 1iit q,t and 8 and by q/ the corresponding variables EJi, Mt and
y. Equations (4.15) are then written

(4.11)

The quantities Q/ may be considered as mixed mechanical thermodynamic driving forces which
are known functions of time imposed by the environment.

Equations (4.16) and (4.11) are not sufficient to determine the unknown variables q/ and t,
because A, is not known. The additional relations are provided by chemical kinetics by which
reaction rates are given as (the dot denotes a time derivative),

(4.18)

This may be expressed in terms of eli> e" Mt and f/ using the value (4.12) of mt and writing

T =T(E/j, e,.. M", f/)

obtained by solving for T the value (4.13) of f/. The rates of reaction become

i, =f,(E//t ~ M.. f/).

(4.19)

(4.20)

Equations (4.11) and (4.20) now constitute a complete system for the chemical kinetics of the
deformable open cell.

We may write these equations in a form which corresponds to a general I..qrangian
formulation of irreversible thermodynamic systems. As already pointed out, the affinity is a
function of the partial pressures and the temperature

A, =A,(Pt, n.
Since Pt is a function of Eif> mb Tusing eqns (4.12) and (4.19) we write

A, =A,(E/j, t" M", f/).

Elimination of e, between eqns (4.20) and (4.22) yields

A, =9't,(E/j, i", M", f/)

(4.21)

(4.22)

(4.23)

where the affinity is now expressed in terms of reaction rates j, by what we have called a rate
function [4-6], a,..

Introducing into (4.16) the value (4.23) of A, we obtain the system of differential equations

which govern the time evolution of the open deformable ceO. These equations are now in the
I..qrangian form introduced by the author. A particular case of interest is obtained by assuming
that the system, while nonlinear and irreversible, is never very far from equilibrium. For such a
quasi-irreversible system Onsapr's principle[lS, 16} applies to the chemical reactions.

This is expressed by writina the rate functions in the form

(4.25)
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(4.26)

is a positive quadratic form in ~ with coefficients dependent on the state of the system.
Equations (4.24) are now

(4.27)

For a closed cell (Me =0) these equations are the same as obtained in the analysis of
no..... thermoviscoelaeticity wbere the role of internal coordinates is played by the chemical
variables ~p [3].

S. PRINCIPLE OF VIRTUAL DISSIP.ATION FOR CONTINUOUS SYSTEMS

We may consider a CORtiDUum as a coUection of infiDiteIimal primary cells. An important
property of the collective potential is its additivity. Hence the collective potential of a
continuum may be written

(S.l)

where 0 is the domain belpre deformation and J is the cell poteatial per unit initial volume.
The elementary initial volume is dO = dx, dx2 dx) with initial coordinates XI. Similarly the
collective energy and entropy are

Because of eqn (2.5) we may write

u= fo'fldO

S =fo.~dO.

V= U-To9'.

(5.2)

(5.3)

We also assume that the continuum is subject to a potential force field such as p1lvity. The
potential field per unit mass is a function ~(XI) of the coordinates. If we call p the mass per unit
initial volume at a displaced point x, the mechanieal potential energy of the continuum is

We define

!Y'=V+G

(5.4)

(5.5)

as a mixed collective potential which embodies mixed mecbanical and themod)'DaOlic proper.
ties.

We now consider the contimium to UDder80 a completely aeneral transformation which may
be irreversible. With a virtual infinitesimal transformation we may write d'Alemberts principle
as

i

~ 1I8q, + 8U + 8G == 8W (5.6)
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where 8W is the virtual work of external forces in addition to the potential forces and IIt8qj
the virtual work of the inertia forces with generalized inertia forces 1; corresponding to
generalized coordinates q/. The variables must of course be varied subject to certain constraints
which we shall specify. Elimination of U between eqns (5.3) and (5.6) yields

±It8q1 +8f!' + To8S =8W. (5.7)

Consider now that there is no variational flow of matter or heat across the boundary of O. In
this case 8S represents the entropy produced in O. To indicate this we write S· instead of S
and eqn (5.7) becomes

i

L I;8qi +8f!' + T08S· =8W. (5.8)

The term To8S· represents a virtual dissipation and eqn (5.8) is the general form of the principle
of vir:tual dissipation [3] generalizing d'Alembert's principle to irreversible thermodynamic
systems.

The principle may be written in an alternate form particularly useful for continuous systems
as fonows. It was shown earlier [3] that we may write

(5.9)

where 8s· is the entropy produced and T8s· is the virtuaI dissipation, both per unit initial
volume.

The term 8RIl is

(5.10)

where 8R denotes a variation obtained by excluding the variation 8s· of entropy produced. The
principle of virtual dissipation (5.8) thus becomes [3].

(5.11)

Note that T is the local temperature. We have called T8s· the intrinsic dissipation.
We must now define the variables to be varied and the constraints which they must obey.

One of the variables is the field of displacements Ui of the solid. The new coordinates become
Xi =Xi +UI. Another field is the mass displacement vector Ml of each substance relative to the
solid. It is defined as the total mass which has flowed across a material area initially
perpendicular to the XI axis and initially equal to unity. It obviously satisfies the mass
conservation constraint

(5.12)

(5.13)

Summation sips are omitted for tensorial quantities.
An equation of entropy balance is also obtained by considering the rate of increase of

entropy in an arbitrary domain 0'. It may be written

Ll' 9'dO'= fn'(SHr+ ;) dO'- t.±' i.Mlni dA'.

In this equation, 1, is the rate of the heat acquired per unit initial volume of 0', S~ is the rate
of entropy produced per unit initial volume which is not due to pure thermal conduction and
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skMj
k is the rate of convected entropy per unit area of the initial boundary A'. We write

. aH,.
h=--'

aXj
(5.14)

where Hi is the rate of heat ftow per unit initial area across a face initially perpendicular to Xj.

By integration by parts eqn (5.13) may be transformed to

f (fda' =f ($*- a~) dO'
O' 0' aXj

where

The domain 0' being arbitrary the integral (5.15) implies

fI = $*- aSI.
aXj

(5.15)

(5.16)

(5.17)

(5.18)

This aeneralizes Meixner's result[l7] which is restricted to thermal ftow. TlD1e integration with
zero initial values yields

where

9=s*+s (5.19)

(5.20)

is the mtropy slqlplild. The vector 51 is the total entropy displleement due to convection and
conduction. Relation (5.19) expresses the basic entropy balance, while reJalion (5.20) is a
holonomic COBSttaint analoaous to (5.12) for the masses. The rate of entropy production s* per
unit initial volume (5.16) may also be written

(5.21)

where Ail is the thermal resistivity tensor of a deformed element of solid, relatina Hi and aT/axj.
The variables 1110 Ml', SI. ,* and i,. completely define the state of the deformable solid with

thermomolecular diffusion and chemical reactions.
The strain components Ell may be chosen accordinl to any of the particular definitions

described in Section 4. 11ley may be tensorial or non tensorial functions of ail' we write

(5.22)

with the property of invariance uDder a riPd rotation. For a non bomopneous deformation aij

are the gradients.

(5.23)
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The total rate of intrinsic dissipation per unit initial volume is the positive definite expression

(5.24)

where ~p is the rate function defined by (4.23) and filJ is a dissipation function

(5.25)

which is a quadratic function of All and 51 with coefficients dependent Oft the local state. This
quadratic form represents thermomolecuJar diffusion with the local validity of Onsager's
principle[l5, 16]. The coefficients C~ represent the coupling between mass and entropy flow
including entropy convection.

The virtual dissipation is immediately derived from these results. It is written

(5.26)

6. VARIATIONAL DERIVATION OF FIELD EQUATIONS FOR COUPLED THERMOMOLECULAR
DIFFUSION AND CHEMICAL REACTIONS IN A DEFORMABLE SOLID CONTINUUM

We consider a deformable solid which undergoes a deformation described by the material
displacement field III. The coupled thermomolecular diffusion relative to the solid is descn'bed
by the vectors 51 and Ml. The vector 51 is the entropy displacement due to conduction and
convection, while Ml is the mass displacement relative to the solid of the various substances in
solution. The scalar field " represents the distribution of chemical coordinates, and s* is the
entropy produced per unit initial volume. These unknown fields are to be determined as
functions of the initial coordinates XI and the time t.

Equations governing these fields are readily obtained by applying the principle of virtual
dissipation assuming arbitrary variations which vanish at the boundary. In this case the virtual
work of external boundary forces vanishes (8W =0) and the variational principle (5.11) is
written

±I;8ql + In [8R1 +8<Jf1) + Ds*] dO ... O.

The variation 8Rt is obtained by varying only Elj, M k
, t,. and s (excluding s*). We find

According to (4.15) and (4.16) this may be written

Since p is independent of the chemical reaction we write

where Po is the initial mass per unit volume.
We derive

(6.1)

(6.2)

(6.3)

(6.4)

(6.S)
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hence

where
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(6.7)

defines a miud COItVICtiot porllttUJl which takes into account the body force potcgtje, fl.
FmaUy we couider the inertia forces. In order to avoid unduec~ wbicb do not add

,_batlytothepbyaicUlCCUI'ICY we introduceSOD» simplifyina.....uaptions. Amore accurate
evaluation of the inertia forces will be found in an earlier paper dealiDa wRb W .......pofous
solids(8]. We shall Illume tbat the inertia forces are due maiDly to the aeeoloratioD If, aad the time
derivative of the momentum pi; of the solid. Per unit initial volume the virtual work of the inertia
forces is

(6.8)

In this expresaion A is the domain occupied after defonution by an eJ.emeat of .the solid
initially of UDit volume, Pt =mJA is the partial delllity of substaace k after delomJatioo and
8uI1c is the virtual dispJacement of the substance in cartesian coordinates. It was shown tIIat(8]

(6.9)

We derive for the vinua1 w~k of the inertia forces

(6.10)

We now substitute the values (5.26), (6.6) and (~.10) in the principle of vinua1 dissipation (6.1).
From relations (5.12), (5.20) and (5.23) we derive the variations

a&=--85,ax, (6.11)

and we integrate by pal1S the terms in (6.1) which coDtains these variations. In the final result
we cancel the factors multiplying the arbitrary variations. This yields

!f!+ a~ =_Q~
ax; aMl I ax;'

(6.12)

These equations along with (5.24) for $* namely

(6.13)

constitute a complete set of ditferential equations for the time evolution of the variables Ult Ml.
Sit f,. and s*. The value of f:I is determined from equation (5.19) while M" is derived from
(5.12).
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7. ADDITIONAL AXIOMS AND NEW DEFINITION OF THE CHEMICAL POTENTIAL

The thermodynamic functions derived in the foregoing analysis are based exclusively on the
axioms of classical thermodynamics. It is possible to proceed further and derive ther­
modynamic functions analogous to those associated with the axioms of quantum statistics.
However in deriving these results we may bypass completely the statistical treatment by
introducing two very simple axioms and by this process obtain a new definition of the chemical
potential.

Let us go back to expressions (3.15) and (3.20) for the affinity and the heat of reaction. We
assume that we may write

h~ ~ LPUqT.. -
Axiom (b) :.:J!.!.T. =~ 11k dSk.

ell 0

(7.1)

(7.2)

Note that Axiom (b) implies Nemts' third principle. The lower limit of the integrals in (7.1) and
(7.2) is the state of absolute zero and it is assumed that the integration may be performed as a
limiting process by extrapolation. We further assume that the constants of integration ic(O) are
characteristic of the pure substances and independent of tite chemical reactions. These
constants are considered to be derived by measuring heats of reaction for a sufficient number of
cases. In principle they may also be obtained from quantum statistics but in fact this is seldom
practical.

Substitution of the values (7.1) and (7.2) into expression (3.20) for the affinity yields

(7.3)

where

with

(7.4)

(PtT

I:'"~ = 10 dek + ic(O) L
PtT

-M" .I:Sk = Uolk.
o

(7.5)

Equation (7.3) expresses the affinity in the traditional form with a new definition (1.4) of the
chemical potential.

In the previous sections we have defined the entropy fI as a coJlective concept which
depends on the state of the supply cells. We may consider the particular case where the supply
cells are all in the state of absolute zero temperature and extrapolate to this case the results
obtained in Section 3 from classical thermobynamics. To simplify the writing consider the case
of a single reaction ~. The entropy differential (3.9) becomes

(7.6)

where Sk has been replaced by sf" as expressed by (1.5). We may also write relation (3.20) in
the form

(7.7)

Substituting this value into (7.6), taking into account the relation

(7.8)

ss Vol I~. No. 11-8
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we obtain

M. A. BlOT

k -

d9'= L s'f/" dmk -¥d~+dST' (7.9)

On the other hand we may write

k

T dST = hpT d{+ L hk
m dMk + hlj dEi! +C dT.

Also by definition

Usina relations (7.8), (7.10) and (7.11), the value (7.9) of the entropy dUferential becomes

(7.10)

(7.11)

(7.12)

The coeftiGients It", htWI. "" and C are functions only of mit Ell and T. Hence intearation of
(7.12) yields

(7.13)

as a function of the same variables. This expression is valid whether mk results from chemical
reactions or convection.

We may also derive the ceD potential in terms of the chemical potential IJ.k by writing the
convective potential as

(7.14)

where 1J.0k is the chemical POtential of the slibstalK:e in the supply ceD. With the value (7.3) of A
and taking into account relation (7.8) we write (3.10) in the form

(7.15)

If we assume the supply cens to be at absolute zero, this becomes

(7.16)

Hence the value of 1 still depeads on M k unless we nealect ..(0). On the other hand if we
consider a continuum with zero variation of the total mass of each substance in the domain O.

In 8Mk dO=O

we obtain for the variation of the total coDective potential

This value depends only on 8mk and 89'.

(7.17)

(7.18)
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8. COMPLEMENTARY FORM OF THE FIELD EQUATIONS

Let us neglect the inertia term-ujIJilIJxi in the field equations (6.12). Physically this means
that we neglect the effect of inertia forces on the diffusion process. The second and third equations
(6.12) become

where

a~ X k
aMl= I

xl =-!!f!, IJXj'

a~-::-;r;-=x.
a;:)1 I

iJ8
Xi =-,,-.

I1Xi

(8.l)

(8.2)

Equations (8.l) are linear in All and 51. They may be solved for All and 51 and the solution
may be written

iJSjC
$.=-, aXI

(8.3)

where ~c is the dissipation function Sj expressed as a quadratic form in Xik and XI instead of
All and 5i• By substituting the values (8.3) into (5.12) and (5.20) we obtain

. a(a~C)s=--aXi aXi •
(8.4)

On the other hand the time derivation of (4.12) yields

(8.5)

where f,(E;j, mk' T) is the rate of reaction (4.18). Also from (5.19) and (5.24) substituting A,(E;j,
mk, T) instead of 92, and f, for t, we write

(8.6)

Combining equations (8.4)-(8.6) and adding the first group of the field equations (6.12) we obtain

a (T. 8E..~) ars d ( .)
aXj ,.~ aa/J - Pail =dt pili

(8.7)

The entropy f/ as well as other variables in these equations are expressed in terms of the
unknowns IIi, mk and T. The time evolution of these variables is governed by the complemen­
tary form (8.7) of the field equations[6].

9. LAGRANGIAN EQUATIONS

The principle of virtual dissipation (5.11) may be applied to derive directly LagraDgian
equations which govern the evolution of complex systems described by generalized coor­
dinates. The fields are approximated by the expressions
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Uj =Uj(q/, X/o t)

Ml' := Ml'(q/, X" t)

Sj =S/(q/, X" t)

~ = ip(qj, XI, t) (9.1)

where q/ are aeneralized coordinates to be determined as functions of time. In a larac number of
problems the enU'opy produced s· does not contribute sianificandy to the values of the state
variables. Hence in this case suitably chosen generalized coordinates q/ are sufticient to
describe the state of the system. The mixed collective potential is evaluated as

and the rate of dissipation expressed in aeneralized coordinates is

fn Ts· dO :=±R;t;/ +2D

where

The virtual dissipation is then

The virtual work of the inertia forces is approximated as

Hence the pneralized inertia is

1; ={~)!!!J.dO.
JodI 8q/

(9.2)

(9.3)

(9.4)

(9.5)

(9.6)

(9.7)

special care must be exercised in evaluatina the variation 811 =8.lI since the vuiational
principle assumes that the normal componeats of 8M/' and IS, are zero at the boundary of n a
condition which is not obeyed by usiq expressions (9.1) in evaluatiq the variations. Hence
8Ml' and lSI are now discontinuous at the boundary and the terms containiq 8M" and 8s are
inftDite and yield a finite contribution at this boundary. This conttibution is easily evaluated by
intearatin& by parts. We derive

where A is the boundary of the initial domain and nJ its unit outward normal.
F'maUy the virtual work of tile surface tractions IJ per unit initial area is

1 / 1 8118W - ItIM/ dA· I 8th 1/;;;'dA.
A A aq,

(9.8)

(9.9)

Substitution of expressions (9.5), (9.6), (9.8) and (9.9) into the variational principle (5.11) with
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arbitrary variations &II yields the Lagrangian equations

iJD iJ!1L·+R-+-.+-= Ql, 'iJql iJql

where

(9.10)

(9.11)

is a mixed mechanical and thermodynamic driving force which represents the effect of the
environment. Equations (9.10) are in the same form as derived from the general Lagrangian
thermodynamicsl3, 6, 8, 9].

When the effect of entropy produced, on the state variable, is not negligible we may
introduce additional aeneralized coordinates qj and write

s* =s*(qj, Xio t). (9.12)

The unknowns qj are now included in the Lagrangian equations (9.10). Additional equa­
tions for qj are then obtained by writing eqn (6.13)

Ts* =±~,ip+2~ (9.13)

at suitably chosen points equal in number to the number of additional coordinates qj.
We may also express the generalized inertia force II approximately by means of the kinetic

energy as fonows. We intep'ate eqn (9.6) with respect to time assuming the variations to vanish
at the limits of inteIration. We derive

We denote by

±J Ii&ll dt =- /, dt In ""~Ii, dO. (9.14)

(9.15)

the approximate kinetic energy and by 8~ the variation of ~ due only to the variation of lir
Equation (9.14) may then be written

±I. 11&11 dt = - f 8~ dt =f [.! (8[\ - iJ~] &II dt.
I I I dt a4J iJq,

This relation being valid for arbitrary variation &II implies

(9.16)

(9.17)

The derivative iJ~iJql is evaluated by assuming p independent of ql. With this value of Ii the
Lagrangian equations (9.10) are written

(9.18)

10. APPLICATION TO BIOLOGICAL SYSTEMS

Biological systems are open deformable systems exchanging matter work and energy with
the environment, wbile chemical reactions coupled to tbermomolecular diftusion occur inter­
naBy. Such systems of considerable complexity are eminently suited to a simplified description
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by generalized coordinates whose evolution obeys the Lagrangian equations (9.18). In particular
this Lagrangian formulation has been applied by the author to biological membranes with active
transport[6]. Theories developed by Katchalsky[l8] and others are shown to be considerably
simplified by the Lagrangian formulation which in addition attains a high degree of generality.
The example treated provides an excellent illustration of the power of the method by providing
an easy evaluation of the coupling eoefficients between external flows through the membrane as
influenced by coupled internal chemical reactions. The phenomenOn is called active transport
because some of the flows occur against the concentration gradient.

11. FINITE ELEMENT METHODS

The Lagrangian formulation provides the foundation of a large variety of finite element
methods, choosm, as generalized coordinates, values of the field variables at the vertices of a
lattice dividing the continuum into finite elements. Equations (9.1) and (9.12) may then be
considered as interpolation formulas giving the values of the field in the finite elements or in
small groups of such elements. All kinds of interpolation formulas may be used, such as linear
quadratic or others, leading to a large variety of techniques.

12. APPLICATION TO PLASTICITY AND ANALOGY WITH CHEMICAL REACTIONS

A natural extension of the technique of internal coordinates as introduced by the author[l­
3] was applied to describe plastic properties[3]. It is of interest to point out that this may be
achieved by including in the virtual dissipation terms of the type

(12.1)

where &1/1 is the variation of an intemal plastic strain due to dislocation motion and ~/J is a
function of the local state and till- The variables q/I are treated as internal generalized plastic
coordinates. Comparing with expression (5.26) the analogy with chemical reactions is obvious
and ge/I is the tensor equivalent of th, affinity ge".

13. PHASE CHANGES AND CRYSTALIZATION UNDER STRESS

When the solid contains small crystal arains it may be approximated as a continuum. The
state of an element of this continuum may then be defined by the external variables and by a
large number of generalized internal variables which describe the microthermodynamic state of
the element. These varillDles may correspond to crystal geometry, local strains and tempera­
tures. There may also be present a number of different phases containina each a certain number
of pure substances. The cell potential may then be expressed in terms of these external and
internal variables, and the rate of dissipation in terms of these variables and their time
derivatives. Application of the principle of virtual dissipation to this case yields field equations
of the same type as (6.12) including the internal coordinates of the microthermodynJUllics.
Creep may result due to crystals dissolvina at some points and recrystaliziq at others, because
of disequilibrium in the microthermodynamics.

14. APPLICATION TO POROUS SOLIDS

The forelOina results are 10pplicable to a large cateaOtY of porous solids when the motion of
the pore ftuid relative to the solid may be treated thermodynamically as a dilfusion. This
problem has been discussed in more detail earlier[8].

IS. HEREDITY AS A RESULT OF THE PRESENCE OF INTERNAL COORDINATES

The variational principle applied to a system with internal coordinates yields for the
response of external coordinateS a response which exhibits heredity. This approach was
initiated for liMar viIcoeIu&icity in 1954[1] and exteDded to D08 IiDear viseoelasaK1ity(3, 19].
Equations (4.24) for the response of a deformable ceO IOvem a system where the M1wIity is the
result of internal chemical reactions. With quasi reversible reactions (4.27) it behaves as a
nonlinear viscoelastic solid [3].
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16. SOLID UNDER INITIAL STRESS

A particular case of the present theory is that of a solid in thermodynamic and mechanical
equilibrium under initial stress. Small departures from equilibrium are then considered, with
small displacements and small perturbations of the thermodynamic variables, including ther­
momolecular diffusion and chemical reactions. The problem has been analyzed in detail [9] and
constitutes a direct application of the linear thermodynamics- developed already in 1954-55[1,
2]. A considerable simplification results in this case due to the fact that ST, the entropy due to
thermal convection, is a state variable replacing the cell entropy £I. It is also important in this
case to use the definition (4.1) of the strain or definitions of the type (4.7). Green's tensor (4.2) is
not suitable because it leads to spurious complications. The theory of initially stressed solids,
for isothermal or adiabatic deformations without chemical reactions or molecular diffusion, was
treated extensively in a monograph[l3]. Note that the problem is not treated as a bifurcation
but as a small deviation from an equilibrium state. The theory is therefore more general since
no reference is required to an originally unstressed state which may not exist physically.
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